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Implementations of several Stereo Matching algorithms

Computer Science and Technology

Student: ZENG Zhi-gang Adviser: WANG Ming-hui

[Abstract] Similar to human beings obtaining 3D information from environment,
binocular camera can be used for computer binocular stereo vision to get the target’s 3D
information.Compared with the traditional measurement techniques,stereo vision has the
advantage of high accuracy,non-contact and so on.3D reconstruction based on binocular stereo
vision can be used to measure,model and other fileds.Some core algorithms of 3D
reconstruction of binocular stereo vision have been studied,namely:camera calibration,distortion
correction and stereo correction, stereo matching and 3D reconstruction.The main research
works are:1 ) Implementations of many corner detecting algorithms based on gray
image(Moravec. Harris. Nobel. Shi-Tomas)and sub-pixel corner extraction algorithm using
quadratic surface fitting method and vector method 2)Implementations of a semi-automatic
chessboard calibration program,completion of single camera calibration and binocular camera
calibration 3)Implementations of a variety of stereo matching algorithms(FW. AW. FBS. DP.
DP+AW. DP+FBS. SGM. SGM+FW. SGM+AW),and an improved iterative SGM algorithm
was proposed,which is more smooth than SGM algorithm 4)Implementation of 3D point cloud

reconstruction based on OpenGL.

[Key Words] Camera Calibration; Harris; Stereo Matching; DP; SGM; lIteration;
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ARVAAR, Hor k ke IS AL FTUAE HOZEA LR T AR AR, JERERT Rt
IR E. AR, (uv) ABRARIG (2R A B AE) T B B — 18R SR, (O,0) A
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15



VO SA AR Bl i 3 JURPSEAR DL FE S SR B

H 1A% 07m Lk sl R E RN, K 2.6 b .
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z 2
o w RIS B —EAE T, (xy)EH(1,0),(2,1),(0,1),(-1,1)]PU4~ 1\, Moravec
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(2-48)

x+u 2RI TRY,

(a) 5L &8 F Moravec £ k6] (b) ik 2 J5 4% ] Moravec £ sS4
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HarrisP?9125 A 7 1988 4F4# i —Fh ki Moravec i) f sl 53%, Moravec SiE 17 7E 4N
TAE:

(1)Moravec fi RISy R 2558 T 8AS 45 A A W, Wi 2.7 R, ANE TR
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Hor XY 4300 x Ry T e b A R
X =|®(—1,0,1):a—I
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Y=1®(-101)" =—
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S FAE =TT [ BN B (X, y) -
E,, = AX? + 2Cxy + By’ (2-51)
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A=X?®W,B=Y?®wW,C =(XY)®W (2-52)
w B RE .
(2)Moravec Hy3 R ZAHE 11, Harris HERHEIFEME D, Wi .
(A
w,, =e 2 (2-53)

(3)Moravec HykiE I 5N 7 7] Exy B8/ MERT I A s, Harris 58 F — i i 20 7323
155 A BRI TE R AR Exy M-
E(X1 y) = (X1 y)M (X’ y)T (2'54)

A C
M:{C B} (2-55)

M FIPRANRRAEAE a , B AR AR B0 32t R BRAE L, [/ Moravee 5ik—FF, R
SREBLT IS o, B ARG RRIE F R R

(L) an PRt 22 AR N, B RS B AR OC SR ECR AR, BTG 7 m)_EIR Bk 51
E BB ELL

() an SR A —AN il R A KT 5 — N, BRI A A SRR AR LR . IR IR IR
5 E UM L, R D AT RGIA 2 AL

()R F N Hh 2R A, R ES AR B R L TURAR: BT 5 i sh 51 i E 2
A4, DR AL T RS A Ak

BT FRERE, Harris 58 X U N R

R = Det — KTr? (2-56)

Hrp

H:

{TI(M):OH,B: A B 257

DetM:aB= AB
fEHTr(M) #1 Det(M) 1 dE an B, AT 7560 M AT 2 2R RFAEAE 70 o

2.4.3 Nobel A &40 H *x
T Harris ZiE S8 k & ERIELIGHERT €, NobelP3F- 1988 4EHE A FH U~ 24
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AP A 200
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T (2-58)

KH b 2 TS s CRF R, A8 G 1 250 k ) sl e B 52, 6 SEEF .
R XN SO R Harris s s SRR TRIN 2 cim AR T I0E B, TU)i%
SN R s SR AR AR AR I P i ) AR 25 1 A

2.4.4 Shi-Tomasi /A &AW H ik
J.Shi A1 J. Tomasit®-F 2000 4£% 55 Harris A& () ff S N R 3. E Harris B35
U SRR HUE SR
R=244,—k(4+4,)* (2-59)
Ho A, A4 5058 M OEERE B ANRFAE(E . Shi-Tomasi 5798 F 1 A A0 87 8 550A):
RPN REAEAE A 11 e/ ME R

I:azmin(ﬁl’ﬁ?):A+B—J(A—B)2+Cz (2-60)

2

245 AR FAREA SN

Toit /& Moravec Bk, Harris HiLIE & Shi-Tomasi Hik, & N RS EME ZEE A
RABTR . A TSR SEARSHIbR e 45 B, 75 Z 4 m A mR I SR RS I, AR FORE B A Ak
PR PRI AT DR 3 FH B (O3 E Y DL () =ik

(DFfE: EEGAFE S, FREEE F SRR R R R MR, 0B, £
RH R 2 GE T Harris 1 510 . bR 4 -

CRF (u,v) = a,u® +a,uv+a,v> +a,u+a.\v +a, (2-61)

Horr, ar-as NG RE, 80 (u,v) B8N 24 A RO € &t TR, 8 AR

TARESREH ar-as, AR FER R A

AX =B (2-63)
o
VR VA |
(2-64)
,f u v, 1
X=[a a & a & a] (2-65)
CRF(u;,v,)
B=|... (2-66)
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LA H O B RAB AR AR Y AR ZNE B A R AR, 8 — T T B AR OB AL
OCRF(u,V)
ou

—8CRgv(u,v) =2av+au+a, =0

=2au+ayv+a,=0
(2-67)

VUV AGR 200G A R AR 2
U= 2333-4 eria
a, —4aa,
V= 2a1a5 —a,3,
a, —4aa,
() EE WK 2.8 s, WT— MR M A g B g BIMA R p, BURTE p &b
IR A VI (p) B2,

(2-68)

Po

B 28 ARRARITIERRER

pq HIhL B A FIAE BLoAr T 04 L En BT pr)« AT FIE X k(4 B a4 1, 10 B pa). % pg
AT P X, [VI(p)|=0, pgeVI(p)=0 : *4pgfiFiiwidsit, BT VI(p) fpq &

H, #pgVI(p)=0. % EHHR, Xt q48A K p, ¥ pg-VI(p)=0E:
(U, —U,,V, —V,)«(du,,dv,) =0 (2-69)

ot (U, V) (U, V) 485009 o T p ASEIARER,  (du,,dv,) AIEIRLE p AARKIBERE . B3
15
u,du, +v,dv, =u du, +v,dv, (2-70)
B q SRR ) n A AT RS E) n A EIRTTRE, B R RTE N
AX =B (2-71)
Hr
du, dv, udu, + vadv,
A=| ... ...|B= (2-72)
du, dv, udu, +vdv,

X=[u V1T, (uivi) Ny q(Aa IR R G0 A1 i ARBR) RIS 2R T A AR KR, (dui,dvi) 9 R AE
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Z AR IIRREE, (u,v) AR B AR FAS FE IR A s AR bR o 35 K F e/ —3lei i b e 2t
TR, fEA:

X =(ATA)'A'B (2-73)
Pl I ARARE R I) g BIABFREE R DL R, B3| g MARARISEISE—YE [, SEi g 1Y
AR B R SV AS 2K B () A AR

25 THREBERSKEMNAYSSI
251 MR EMEA SR FE I
RYE 2.4 Frh &AM R BRI ECEFEEE, KA Harris #3%. Nobel HiZA1 Shi-Tomasi
SR AR 25 R JUAN P BR:
(L) i IR R
(2)=REL x 'y J5 1] L (R
) H AR R B AR
(4)3R A R e S AE
(5) AR R A 1)
DR EE R NKERE @A
I =0.299R +0.587G +0.114B (2-74)

H R, G. B 2708 RGB A E BB R m = NBERIE, | NERIIKE, Fl
Rkl 2.9 FoR:

i gray -

29 AEXN RGB FE, ZEAKRERE

()RHUx Ay J5 1A ERIBEIEE K S5 RGO K EE B2 o3 il A P T T 7 Al 7 1R
B AS T 160 L A B 1
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-1 1 -1 -1 -1
-1 1
-1 1 1 1 1
x 7518] y 558

E 2.10 FHABEA 3*3 EREBN S EREE

AT RSB W2 B SR B RO, K oRAG RS FEAE I — 1k BI[0, 255]IX (A1, Ak NIK
EEET B, g8 i 2.11 Frw:

X 7518 y 73[8
211 AN AELEREER

RIFEMER A X y FREERE Ix Iy )5, ([FRefENZE 3 m XX, Ix*ly, ly*ly 1A
Q) A m TR A SR AT 5*5 B sl e U5 I I, x>y, ly*ly AT 85 R0 5,
N T GRS, SR RERCE IR

114|714
4 1161|2616
1/273 * 7 1264126
4 1161|2616
114 |714]1
2.12 5*5 BATEREO

AN D> (-

N T EMP R SR AR, g B AT s s AR, sl 2.13 fos, i3t
1T PG AR B AR AN, 2T N3 I 7 T A
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] source =

EHrER
& 2.13 MERHITESHERYRE

(4)%F IXIx, Iy, Iyly 73 5l BEAT e G AR 2 Ja R AN R 1 S SR B s v A

Harris: cim = IxXIxx Iyly — Ixly x Ixly —k x (IxIx + lyly)? (2-75)
Nobel: cim;IXbx Iyly bxly (2-76)
Ixlx lyly
_ . 2 2
Shi-Tomasi: m=IxIx+Iny \/(lexz lyly)® +4CIxly) (2-77)

= cim K BIfE threshold I, % m RIS T /=, 730 AR A B3 = Fp SRt — g &
FrREUA AL

] Observe Corners - o IENE

W P \* oty

BRATRE

1

[0

B 2.14 Harris BSEME % k=0.04 threshold= 400000000
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] Observe Corners -a

BRIATRE

& 2.15 Nobel 512 E 5% threshold= 8000

] Observe Corners - oS

EERA RS

[&] 2.16 Shi-Tomasi A SEEE % threshold= 10000

(5) AR AR 5 B Al i) 3E I BRI W 15 R S 5 9 A L 5 A8 BB R A
Bl A A B R B B, RS G d RE T, 8 R A AL A S A N R
AR AR 400 1) SRS B 2R PR Ay s i 2B AN R KT B, 34 75 2 <G B P9 A i

AR R B KR, RIS i A2 _E 3R P A 25 P DU i O 7
K HI Nobel #i s JRHURE PSR T AR A 25 2R «
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= - 0 S

| moAfR

| maimocias |

[

2.18 FRAIAEMRAEIMNEIA Nobel B AIRIE % threshold= 15000

252 AR F A EAFE I

To e 2 A TR A 10 5 0 2 SR F ) v A0 Je 38 /s — ey SR s 2 v 7 2
M, TWERPGEFMERY, BT R E R AR R, R ST 3278 Jo iR L
FE BRI, O ARRS R R 1
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Mat func(Mat A){
Mat E;// 5457 i o
for(i = Oji<A.rows;i++){/Mt N b = fM5ERE
m = selectmax(A,i,rows-1);//i% % A(x,i) 445 HE B KT x(i<=x<rows)

swap(A,i,m); IR HAERE AT, m BT
swap(E,I,m); TIRE BRLASE [ S i [ R P45 A

for(j = i+1;j<A.rows;j++){
k=-1*A(,)/A(,D);

add(A,i k,j):; I i ATe R L k n# j 470k b
add(E, 1,k,j); I35 B AT R oA S it ) A P B A

}
}
for(i = A.rows-1;i>=0;i--){//4L Jy*t F 50 [
for(j = i-1;j>=0;j--){
k= -1 *AGLi)AG,):

add(Ai k,j): 114 i 47 T ETRLL kN j 475 b
add(E, 1,k,j); T AT R B S e [ (1) B84
) }
for(i = 0;i<A.rows;i++){//A. N o7 46 4
k = VAG,i);
mul(A,i,K); I AT o3 Al LA k
mul(E.i,k); TR BT R R STt [ A ) 4 AR
}
return E; INZFERERD N AL

}
(D) =P ELA FVER AR TR BE M i 76 2.4.5 715 P R 7 BV HB — kil & T
IS5

AX =B (2-78)
Hrre
wouy, Vouov 1 CRF(u,,Vv,)
e B=|-- (2-79)
u> uv. v ou v o1 CRF(u,,v,)
FESEPRATHR T, 25 ELAER A A R (u,v) SBI0 ROAAAR (Ui, vi) THEL A 1S, ATA WHIT R 2845

ew K, IWTTREITHE . K2 A br R ALFR R AP 2 (u,v),  BIA A (u,v) AR PN O AR b
AR (Ui —u Vi) B BTSSR (X, y) BT RE (u,v) B (x+u, y+v) 15 31 B2 S2 1 UG AL bR o
(2) ) VLR WAL G A A AE 2.4.5 5 Ao SR A 6 B 7 R HE 0 A% R A R 1 AL bR

AX =B (2-80)
/\':lj
du, dv, udu, +vdv,
A=| ... ...|B= (2-81)
du, dv, udu, +vadv,
KT i B AR (Ui Vi) AR R ROAR BB A (I ([uid, [vi]), Ly ([uid, [viD)IE Ak, Herh[x]

N x BBEGR T HME. B 0O A R 304, R SH AR R TR R (UY), A RuY)
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AP35 AR AR AR (Ui —u Vi) K B S TSR 4 SR (x,y) BT RS (u,v) B (x+u,y+v) 75 31 ELSI I
B EEB AR,

A3 2N B G AR E B B M Ak bR, B DL EACEEE R, B3P REs RS (aiE i@
i fg R IEAR IR E) 2 1B

5] Observe Corners - a

B R

B 219 RAZRPAMSRBIEGRAR EHREIMHA S0 & THhEmE

] QObserve Corners - a

ERRRA TGS

o

B 220 XARBHERRIEGRAR LAK/IHA 50 5 TALERE

73 AR B PR PSRBT P, PRR BRI SR A5 R e il i B 2,19 2.20 For
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2.6 FRESLH

SR FH 3 TF A BT 7 77 192 o X 10 45 B8 BV 8 5 A0 (b o L) F) R0 R A %
IR IS 56 2R, 25 S PSR PO S A S R0 7 Ak RS S8 A/ B €2 7 0 1 51
SRR TE FRRRAE S0 7K AR A5 1 = e Ao 5 B ks AT B SEFEE (G 40mm) 3-8 (2 AskzAy
0), B b-h 0 4 s 8K p 2.5 5 b T AR 2SR B A S B U 5

26.1 FasRIA L

M@ B AN EEERER, A o EEE, & EEN B E L
R, BHESER PR A R A4, ERbRbRE AR, ST EPAREKIA S )
BB RUB R ZEBOR(EK AR TE), FrUL IR M A S S S 50 E, BrA R
AT N TR, M — ik By B R BRI SO IR £ (5%5-20%20), A
I TR 10-30 R, AN TIEEU TAE &R E oK.

ASCKHAEE B A S50 AT EERE R, N TR 4 M s, BT 8T
TR, I T BEAREL 4 AN R R Hh AL B R A AR BR,  FE XA AR [ —
JO I N AR A RARARS B0 T A RARER, AN, KT T B A b AR A RO R AR A
B B8 SN = ZEAAR R 0 SRR, AR LA 7 A% IR I KA R HH A A R ) = 4R AR

SEHURFEIN R
(D) FEECH B K B F BT A A AG FRS FE AL bR
() N TikHL 4 A S Ak

(3)ith L T 545 B HURE T A (4 3*5)

()15 2 Fr A R AR A7 R0 AR 7 371

(5)E I Tk A A i BT SR AR A LI PN 240 B A iy 42 0
Forp 2 (3) D PRI LA 19 0 T -

(L)AL AZ A I SFAEAT B PTase 4 /> s FAR X 58
Ikl 2.21 pron, BB A R0 ABCD, 0 1 I s 2 18] AR 9% 28 /2 4RI K 2 ()
TR IR A (D), I W I LR AR B 15 AN 0 A R R R B AT, i kB
AB FIZ B CD #1752, W AB P miJ& TxF ik &, &5 )& T AHARIL R &

A A A
. C / - C
. , / 5 )(
D o 0o
ATER 4 MAR VR UEER (b)¥t Rk X FH

B 2.21 Fif 4 MAREMNXER
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(2)i@ Kz ABCD PU %32 b (1) A 45 21 DY T M A%
HRTERTIER] Ay By C. D WU AR B —@a Bl N & M A, AR BN AU A AU
EFGH, M4 —%i4 EF. FG. GH. HE iii#47n T H/E:

a WA ERTE RIS, A AT IR B B, WA RRONBAS g

b KEBAF q 4% 8 x ALbREk R y ARBR AT HET
32— 40 B n-1 A n 255 (X B S5/ 48 12 SRR AL bR B AR = X%y, B
TR MG, ATLSE] EFGH HI A 5 M -

E

H
G

B 2.22 FIEf 4 ARG EN AR

132 EFGH W% 2 J5, [FIFEAERE A% B R M w8 20 S Ak b, UL E P B i
= YR AAAR AT LA B A 0 B = 4EAR R (z AL RN 0).

262 MREKRBLER

S8R Y 75mm*75mm (R RLER 0 (i 58 ) FT B OB SR 3T EIHLET BTAR £ T8 O XS AN 2 2)):
MAFRI AR 30 1 sk - Fr, Ao it fEan ] 2.23 Fios:

X} left00.png

(a) FILEM4NMAR
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left00.png -

GroupBox

width | m Clearly | 0K Cancel

(b) BEIAAME
& 2.23 FEITE

XSRS ARREAT bR, b e 45 R WAl 2.24 P

File Single Binocular Polar Correction Stereo Match 3d reconstruction
TRk kSjii-oh
51612 0 325.792 753.734 0 327.052
0 754.257 241.213 0 755,203 237,275
0 0 1 0 0 1
0. 0760448 0. 0800835
-0.30174 -0. 10169
0. 00432045 0. 00724877
000120137 0. 00208871
0 [
o o
o o
o o
Left Right
Image u v b y z A Image u v x y z A
10 344,076 249.781 [ 0 0 10 302507 255.082 0 [ 0
2 0 3644 250.312 75 0 0 2 0 322721 255.444 75 0 0
3 0 385.503 250.716 150 0 0 3 0 344314 255.993 150 0 0
4 0 406.162 251.25 225 0 0 4 0 364508 256,575 225 0 0
5 o 427.458 251571 300 o o 5 0 385.681 257.051 300 o o
6 0 447613 252.002 375 0 0 6 0 406.247 257.446 375 0 0
70 469183 252.455 450 0 0 7 0 42745 257.853 450 0 0
8 0 489.445 252.819 525 0 0 8 0 447,652 258412 525 0 0
9 0 344,374 266.289 o 75 o 9 0 301735 271.388 0 75 0
v v
< > < >

& 2.24 EABBNIFEER

Hrh R BHLN SN
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A BHLA S

[751.612
0
0

[753.734
0
0

0
754.257
0

0
755.203
0

325.792 |
241.213
1

327.052
237.275
1

FE A5 ML AE 2% k1=0.0760448 k2=-0.30174 p1=-0.00432046 p2=0.00120137
1 B A5 ML A8 % k1=0.0600838 k2=-0.10169 p1=-0.00724877 p2=0.00208871
K1 F k2 AR e AR R AL, pl Al p2 Y B AR R4
MARELER T LLE W, PGS HIEAME. H4h, NSRS fx 1 fy FE %
R SAEN UG = S LT AR TR o
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3 B IE DA R SLARITIE
3.1 HFEHTIE

15 2.6 FPXHZHLIAT T hfsE, JHERIBHEHLIG N BRI 25, AN EER
SEL SRR L P 25 L 22 500 25 ) (AT 5 1

204504, SRR AL R AL OBE) ATEE 6 (R A2 A ) B R A R AR o
o

{x" = X'(@+kr? +kr* +kr®) +2px"y + p,(r? +2x?) (3-1)
Y=y A kr® +or +kor®) + py (1 +2y %)+ 2p,x"y'

o O,y ) BRI AR AL, (X y") TS BRAR IR A B
LUK AR AT 2 OXY FIEHGAMR R UV IR R, 7T LU SRR B AR (R W 2E)
2% PR A (W28 AT S O

S T RIS FER (AT (U, )+ FTZRIE I A5 R 5t R A IS 27 I AT (U V)

oo U=l
fX

L V-,

Y==

y
X" = X'+ K2 +Kr* +Kkr®) +2px'y'+ p,(r? +2x?) (3-2)
Y'= Y @A+K K k) + p(rP+2y?) +2px'y!

u'=x"f, +u,

vi=y"f 4y,
13 AR e 22 BB AL (u, v) FNSE B B R AR AR (U, V') OB 2, 8 BEAS 2R B A2 1O IR
BN IEZ G R EE, 18] 3.1 % opency [ i b g B dEAT B AR 5 1E RO 80R -

B 3.1 BMEFIE, EEARKER, AERAFERNER
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32 WBHE

N T IHATRATFIE LA =4 s i, HFEAA R LA BB AL E, B R AE AL bR
FAXS T 2L BEARNLARAR R R HERE R AP R HERE T

BB/ A R AR M LA bR Z A T 1 5 A b 2R (0 R AR B AT A2 FEFE 73 318 RivRe B T
Tr, DU TSR AR 2 T ) — 50 PAE AT S BN LARAR 2 A AR AR 7030 09 P1AT Py -

R=RP+T
(3-3)
P=RP+T.
HEPAH:
Pr = Rr Rr_lR +Tr - Rr Rr_lTI (3_4)

ARG 2 STARN LA RR RALKR P EIA FAEALARAR R Pr AR R, BT R R B IE
ASHERE, W R RN AL IEASHERE, PTG BRAR AL AL AR R AEKT T A2 BRAZ AL AL R 1)
JEEHERER=RR™, “PRAEMT =T, -RR T, .

FEHEATBUE #7 E SEge AT DA B HEHEAT 0 A e e, B2 A5 BB LRI T Ha £5AN 5] £
JE 11 22 5K B R (FE 030 R HR A2 A5 BRASATL I ARG A7 B AN R 25088), AT BASE 2 k47 B H bs
ESRL, KR BRGNS S S5 E R e NS TR, TS, G848 E .

S ok . -omm

E 3.2 WMEfRESETiE

XU H o R ATy SRR TR B0 A s AR TR B shf msil s, i 3.2 fios, 24 PiEl
KR N IEE 4 M, T BEERAE, A B IEEA 4 S R 2 ] .

pRE A RN 3.3 Fon, 1924 RN R AR T 2 AR ML bR R AR R FE R AN
FRFERE T 7393009
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0.999995 -0.001136 0.003064
R=| 0001101 0.999933 0.011505|,T =[161.872 2.5572 8.33404]'
-0.003077 —0.011501 0.999929

broE R B AL mm, IS EAENL L TATICE, Frbl R 3l T3 /e F

=] camera.dre = &
File Single Binocular Polar Correction Stereo Match 3d reconstruction

R 7

0.999995 -0.00113635 0.00305488 -181.872
0.00110102 0.999933 0.011504 2.5512

-0. 00307778 -0.0115005 0.999929 5.33404

opt

daat
Image ul M ur vr x y

1 0 344076 249.781 302,507 255.082 0 0 0
2 0 3644 250.312 322721 255444 75 0 0
3 0 385.593 250.716 344314 255,993 150 0 0
4 0 406.162 25125 364508 256,575 225 0 0
5 0 427.458 251571 385,681 257.051 300 0 0
6 0 447.613 252002 406.247 257.446 375 0 0
70 469.183 252455 427.45 257.853 450 0 0
g 0 489.445 252819 447,652 258.412 525 0 0
9 0 344,374 266.282 301735 271.388 0 75 0
0 0 365311 266.855 322,768 272.223 75 75 0
171 0 386.519 267.286 344,072 272,592 150 75 0
12 0 407.572 267.627 365.222 273129 225 75 0
13 0 428.923 268251 386.497 273.454 300 7 0
14 0 450.133 268581 407.517 273.926 375 75 0
15 0 471.266 269,065 42878 274508 450 75 0

A 3.3 MBAIRESLEER

3.3 MUFFIE
331 FAEMBIUREER

KT SEARBEAZ L, AR BEP & BARH LR TR B A T 1R — T b, e 72 4 AT
BE B — 5 FEREAR R, 22 A AR AR L G A — 4T Pk 00 5 SEAT BRAE WU AR A ] 3.4 T

AWX, Y, 2)

a;(ie, vy)

& 3.4 FITRENRGRR
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332 IZHRHE

SPAT AR R TG iR e X AR VL e ik /2 =4 d d, THEAS 2] TR fiifh. AR
FESEBRIG O, ZORM A EGHLY L E PRSP AT SR AR 8 IR AR, (H2 8 ST AR IE, AT
CAME S EASBPAT RSB A

25 58 SLAK MR B R FE BE AT T A% (R, T),  SLAAKF IR Bouguet 57200 2 i St A %
P& A B IR F BRI B R/ M, (RIS A5 000 T AR e R AL

Bouguet 5ik5r W15 B IR IE R R 2 A TN R, R 5875 H 52 110 i
¥, A MREARAGAKT, i AR ST 5T im AL

(DA FBHLGEE & B K L ies: R (2, A PIERAEALA 36147 ((H
A—EHEE T WM O IEL), WA 3.5 s

]
Rin «
R k/

& 3.5 AMREHSAIHEE—+

I Rue RUBEHRHERE R B—FMAE, Bl Rz * R = R, W] LU FE4& BT
(Rodrigues) 2 Rk 15 .

()4 T ¥ F M TAT IR MG BRI DB H A B, REFM—
e, ik 3.6 Fios:

& 3.6 AMRENSREERNAE
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BOXANERFEFE N R, e, 6,670 508 RrAEFERIZE —. = =ATHE. el AR ZJEH X
ARBRA ) AR T AR bR R A RN, FTEL eo S RIGHLBOY ROELRE S, BT T [
BAMES, TRELEQ)DERNERY:, 22 NTr:

Tr=R.T (3-5)
P
Tr
& = ﬁ (3-6)

e2 NIEFE 2 Ja 1 y AAARHl R A Y HT AR PR RPN IM B3R, 3.6 B e2 19 z 24454 0,

Hex fles IEZT, -

[ell 2e12 20] (3_7)
Ve t+€p,

Hrben Ml e Nel MER X Fly kR, esli =M er. e MIEIER, @it XFG 3] e3:

e, =

e, =€ %6, (3-8)
B () Q)P B TG AL IETEREHEFE Ry Re:
Ri=RRy R, =R Ry, (3-9)

454 3.1 WP IR IE, BLASEHLBY, L SEARE IE S I R T R ER (U v) R

JRE ORI IE BB R = AR N (U, V),
i 2.1.2 %, wTFuv)AE:
f, 0 u |l X
]{o f, v0] A (3-10)
0 0 1|z
X
y} (3-11)
1

XC

i -
ZC

i -
Z'C

WAL Ja B AR AR Ay SR AR R 225 e e FE RS Ru 4581, B

4

JUE

Iﬁ.lﬁéXﬂ‘ﬂ:(U’,V’)ﬁ:
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XC XC
Yo [= R Y (3-14)
Z, z',
P
. X' X
Z . _
Z—° y' =Ry (3-15)
‘11 1
BRI A:
'qu—uo
fX
_V_Vo
y=73

W[x' y' 1] =R™x 1
[x" vy 1] =R7x y 1] 3-16)

X"=X'(L+K I +Kr* +Kkr®) +2px'y'+ p,(r’ +2x)

Y'= YLK K k) + p(r2+2y %) +2p,x'y!

u'=x"f,+u,

\v‘z y" fy +V,
32 (u,v) B (u',v) L 2 5, EREMSRIFF IE 2 5 1IEIME . KA bouguet #EAT AARHRIER)
gER N 3.7 s

File Single Binocular Polar Correction Stereo Match 3d reconstruction

[ow o]

& 3.7 MEFFIESR
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4 SLAKPLHED

SR TGRE S ST b A B — AR, STARTLIC A F AR 22 A B (4
S W L A ) F I3 2, A TR B P 25 P o el A 25 LRV 5 68 SR T LA f e I
SO R £ 1 = L AR, e AIiE U, ST E G SR BB B R 4 SR . SAATL L
BT LA S B TR AEMOUUAS . BT X IRMOUUHD . 36 TR AL AOUCAR B, 35T X s DT A
kT AR, ST HRNER, A CEETFRET X
[ 7 A DG R B

4.1 MFRECAR

SARVLECA B A— MR R, N T FRARULEC R B R 3, SCARILECH A T —
S 2 5 2% A 34,

WML LH BRI, B8 A A B LIE R B AT 47, By
2 UG A H b B GO IE I E AR, 2B R ERME R RS BEAREBG R ST [ —17
k.

Q)ME—PEL R KT RE LB, SHEE B — MR R &2 (AT e A LI,
RS s ) A H bR EUE R —AME R UL

GV IELI R X F 22 UGN H s G 5 B Bz B A AL 8 M (W R . IR
ABAFEEELE), HRSLRF, X—R&IFANEZRWAL: BT EABRGYTAKNE. B850
Z2 5, AR AEHLI T R — ST Re @ A R OERE 2 . RS20 5E)

M FPELI R T2 B H bR EUER R —4T EULECE 3= R e 2 2% EUEA B As B
G HR RRE X 2 AH R o

(5) T L0 TR R 504K F) 2 T 308 P B T AR 7 ZE M i Ak 2 S et 7 R 22
ER AR U

G) A —8AR DLAERRAZEREG, HENEREGMLUGEAZERG LA H
FREE, 43 BI I UTHL S % — B

42 BElEX/NEOCTEEE
421 K AR

[ 7€ % 1 (Fixed Window)VCHCEESEILR AR E . (HHESHFER-EGTHNE —ME &R
FURD H bR B A [E AT A MR S SAD(ER SSD &5) M, B /N S 2 S AE A UL D
A, WA 4.1 s
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B 4.1FW Bk

ST ZEEG TR — A (% Y), SAD(X,y,d)(mind < d < maxd) UCEARA 6 5 E LT -

SAD(x,y,d)= > |L(x+ j,y +)~R(x+d + J,y +1) (4-1)

i,j=—n
“HEEE DA BRI LLXY) BTG, TK 2n+1 X RIE T B . SR 3*%3 7*7
11*11 15*15 & I seit gt B an 4.2 fios:

A 4.2 RATERNE OSSR ERE(0<d<20)
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4.2.2 Box-filtering #=:% # %

0 22 B R ME R A HARER B R — A7 R —AMERER 20 ) SR AR I N 20
EZEM, & RDEZZ W HEBE, DL tsukuba(384*288)illixk &G N1, ASFE HH&E
I [ R N3 4.1 Fios:

i 1R/ 1*1 3*3 5*5 =7 9*9 | 11*11 | 13*13 | 15*15 | 17*17
THENA ms | 34 178 449 837 | 1358 | 1988 | 2929 | 3804 | 4881
F 4.1 TRINE O EIESRRER

M.Mc Donnel 7 1981 E# HH Box-filtering fiiiE FW HiEBS, @ity SAD L&t
B PR AL FE L R .
XX} T AHARHI 51 SAD {EAHZEPIAT SAD &

Zn+l

< = B 2n+1 .
I y-n «—[R[DDDNEE] 4
Yo ] Y Y
y+1 “ . Y+1 “ .
M y+n+1 D c F
¥ l A l
® x-n-1 X xX+h
(2)SAD ¥ BEITER (b)S EHBRIREE
4.3 Box-filtering BiER~EE
SAD PR H A BHERR:
SAD(X,y,d) =SAD(x,y—1,d)—S(x,y—1-n,d)+S(x,y+n,d) (4-2)
S B A A IBHERR:
S(x,y+n,d)=S(x-1,y,d)-1(x—n-1y,d)+1(x+n,y,d) 4-3)
Hr:
1(x,y,d) =1 (%, y)— I (x—d,y)| (4-4)

Box-filtering HiE7E i D& s it 2, RFEEZHE 4 MEER 4ant 28, Lk E 1R
/N, Box-filtering £y K HIANFI ) SAD & [ Fir 75 I (Rl a0 % 4.2 Ffiow:

AR 1*1 3*3 5*5 7*7 9*9 | 11*11 | 13*13 | 15*15 | 17*17
THEFE ms | 48 48 51 49 53 57 56 59 60
% 4.2 Box-filtering B3 A RN E O+ HE HBHE R
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43 BIENME (AW) TEHEZ
431 XAEH

[F] 2 11 (FW) SR8 [ 5 B O R R S DL AN SR Aike sk, hisehr b, S
FARUPE 2 DTk AR ROZ AR X 2 — 2, TS AR R S E R RO BME R ROz AR X > —
s, S H MR SGAL, WK 4.3 iR

B 4.3 BlEE O%%E) BENTETO &)

K.Yoon!2Z57E 2006 4F4i¢ HH H I A 1 SLARDU RS 53, 120K F 8 1O/l e, (B
A E HN S MR ER ILECAC BOAUAE dh AT e O 3R R PR B DA SRR LU 2 ke 5 (1) B0 i i8¢
SFLEARL), B H A S MR R IIBUE:

Al A
W(p, q) = kexp(— e _ 29w (4-5)
Ve Vo

Hrpp NEHHOERER, g NEHNRE—MEE. Ageg N pq PIREIEZREIEE, Acpg N pq
W RAE R R A EE R, ASCfE A CIELab i =3 [H] -

AC,, =L, —L,)* +(@,-a,)* +(b,b,)’ (4-6)
K B & MAE B N IBUE AT 4.4 Bk

44 ERFEE BAREFANBEEN 41741 B0 EEARNVEEX

B R S22 B L p AR E 7R 1 Pd s ITRAR -
> o e, WP WP, T, )eo (0, T,)

4-7
Y o, WP, WP, ) @)

E(p! pd):
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HAp N, p RSB N o py R,  ,(0,0,) MBI ZE SR R AL, A4
ot 2 {(AD):
eO(q’C_]d): Z |Ic(p)_|c(qd)| (4_8)

clra}
BIK RGB =AMl is i 2 e {E AR N
BRI EMZE VSRR 5, K F WTA(Winner-Takes-Al) BESR B ZE G, B
ANUNRAR AP SINAIE =Y
d, =arg min E(p, p,) (4-9)
K FH & AR S5 AR [ 8 6 tsukuba I3 B A BEAT IR, AR 4s S

45 AEIEAXNMIBERPUEEE(Y =7 Y 4=36)

4.32 Bk kK (FBS)H ik

S. Mattoccia[37]55 AT~ 2009 442 Hi PR ig X 8% (FBS) %, [F] AW HESREL, FBS Hi%
MR R IR FE AW DN RARMTTAUE, 5 AW BVEARP 2, AW Hik
NEONE—MERIR T ARRBUE, 1 FBS Bk E O AETANNED, NEON
FMEEMOBUEMFE, BH/NE O NEERIFIES OB R R 2 S AE R &1
HAARI(H/NE O RSN 141 I FBS By AW BVEZEN), i 4.6 Fiw.

41



VU1K 2 AR A8 JURPSEAR DL FE S SR B

Pr OF Py
LN i
w]

' W

b (u,v)

O .

by(u,v)

“."

46 FBSBEWEO W SAEFANMMEO W
HUVAEHDNE—ANE D RPogER, hzhE H NITH B R EOEAUEN:
T _ Ir(pr)_lr(br(uiv))u
Wc(lr(pr)’Ir(br(ulv)))_exp(_ )

HAT (b, (u,v) N (u,v) FTE/NE DITE 1§ R S KPS ERE.
KHE E W iy 45%45, w oy 3*3 [ FBS Hy%E 5 11 A1 45%45 [ AW H3E 5 1 N BUE 2> AF
e 4.7 Fios:

(4-10)

m FBS - o IEM

47 R AW Bk HH FBS Bk

BFS #HX T AW HyEm S, HAEW R
(1) T 7AREIE AR, 150X BFS Bikm bk AW &L/
(2) /NE DN IE . SAD AT LR Box-Filtering SiE ik, /Na CUEOR,  nss ik i

o, HRENRTEE
Xf 21%21 &, 43RS 3*3 Fil 7%7 /NG % BFS Bk 4T, MRk Rk 4.8 fin:
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n.] FBS 21721 3*3 = B

m ] FBS 21#21 7+7 = B

4.8 3*3 MNEO(Z)F 77 NE O (F)BFS Hik(21*21)

Xof 27%27 % 10, 43 A2 3*3 A1 9*9 /NG L% BFS Sdeidk 47k, ks Rani&l 4.9 fiw:

n.] FBS 2727 979 = = m] FBS 27727 33 - B

[ 4.9 3*3 JNE O (Z)F 9*9 NE O (F)BFS Hi%k(27%27)

3*3 /N O FBS SHykAE SEbRR Fh R By, (BAEZR IR A2 . SRAARFRF & H
o % AW B0 FBS B Ab BRI R HEAT IR, A 4h B ink 4.3 fion:

W H R 9*9 15*15 21*21 27*27 33*33 39*39

AW FIEFERT(ms) | 8260 24842 42256 77276 91554 132792

3*3 FBS ¥t (ms) | 1046 2401 4337 7439 10729 13518
3 4.3 AW B3ER FBS BUAFERIRIEL

4.4 EHESHXI(DP)ELHE %
441 FHEAXRIE
AR LR B AT, W47 FREARIUADL, RIEAT AT %L E BUS 5e/)
{8
E = Ematc
Horp Ematch NVLACARHT Eskip NS

v+ Egip (4-11)
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EE=

SELERITRE \\\\\ .
H #ﬁl&ﬁﬁ%
EE

B 4.10 ZHSHR LR FLEE R

W 4.10 Fios,  E, . € SXCNSHEGATR B b EASAT BT TUAD 556 1 TR A A
Eppaen = 2 ,COst(i, j) (4-12)
Forb (i) W PAT B R ULES 506f s Cost(i, j) J9 i mUF j SAIUEECAR ST . Egy, PTH IR AT
(T IEE AR A -
Eqi, = > Pen(i) (4-13)
For i NWIATAR 25 R IS A, AR HE STAAR DT AL (14 U 14 20 SR (VR AL 555 2 13 22 X)), 1593
WSR2
E(i, j) =min(A, B,C)
A=E(-1 j-1) +Cost(i, )
B=E(i-1 j)+Pen()
C=E(, j—1) + Pen(j)
A TBOARERAZ R B | AR ZR A ] P UCES, X RHL, § AZEER i-j; B IEURERE R A
IERS AL, CIEBARRAG A IR A

(4-14)

4.4.2 KB FEANMEERMAE A EEAN
1 H BAG Z RN ATTECARA, AN R AN BB #L Cost(i,j) M-

Cost(i, )= > |1.()—1..(J) (4-15)
cefr,0,b}
RN =N IE L0 ZZAH 2 0, ARSCR FH RERAA R BN Hox g, Bl
Pen(i) =P (4-16)

Horb P OYILEE S 4
I RRHANFER P AEGESS A X DP SR T TG, s R 4.11 Fos
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n ] DP P=50 = B

n.] DP P=200 = B

B 4.11 sSHRNEZEARE P EMRKER HITHIE 610ms

W T B SRR AT AT B AL UL RS, R 8 T AT R R Z BRI P AR, JHRE
FREATIMR R MEESTE, UM TG RN EEER TSR, AR IER
AR 2R EO0N . BEE AR G N, S A, AR SURN ANl ;1M BE & 3
PRGN, R, SR BN -

4.4.3 AW+DP H %
T DP HVEAR G HEA HEAFMERZATRIFIZIR, Midd IR RS 7T AE—
FEE FRAATIEI 200 . AN AW+DP FyESEATIt, BIRH B i&E BN AUE (AW) 535135147

VLECARMY A, RIS B CNG-T),
Hrb, BARBIECER 4.3.1 75, RHAARM AW & O/ DP Fykseit sl RunlE 4.22 Fr
Zl—i(PZZO):
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1*1 AW+DP #EBT 899 ms 15*15 AW + DP #ERT 21136 ms

21*21 AW+DP #ERJ 43861 ms 33*33 AW+DP A+ 99782 ms
B 412 XATER AW BO8 DP EEMEE

TR 1% & H) AW FIERA N MR R ILEARHY, MR A 4.10 55— 1R &R —
Ffo BHEG ORE R, DP BVEMIKSUSNAFEES, Wl k. M aesegh Snr e
B, BT RREE DK AW ByRFEA R 2 B85, {H15 AW+DP BENR KR 1
RUNIPUEZ = e

4.4.4 FBS+DP

AW+DP HiEH T AW FEAR S v AN B3 FE B AR B I R AR B R, AE 4.3
T, SR R PR S0 B (FBS) S92 R A AU 2 m SR I Ab B, 3%3 15 I
FBS Sy b 3 B 2 AH R /N T 1 AW SRR AL B FE 1 9 £5 A2 44 (FBS 1 1 AR R H
T Box-filter i TH5), 5*5 7% 1) FBS HUAACHLH B2 AW 595 25 /24, B
T MK, FBS ALFEIH EE IR, (R AH N A0 22 B I HER S R B%, ESRIG+, RA 3*3
T ) FBS SIEAUR A

TEA/NYI R, KA 3*3 ¥ 0 FBS ik, P=20%9,(3F—RAEIRH 1*1, P=20)it5 UL
R CLRECE [F] 4.3.2 17), FRHISMRGRBLZE, AR H KN FBS B 1k
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ZERAR

1*1 FBS+DP #ER+ 998 ms 15*15 FBS + DP #Rt 3096 ms

21*21 FBS+DP #K} 4809 ms 33*33 FBS + DP #E/t 12526 ms
413 AEIE O/ FBS+DP B ASLIG4E R

[6] AW+DP Sk 4t B2, 1%1 & 11 BFS HykiBAL N AR X IAN ULED, BEE & 1
B R, DP BVERI RS SS (B AT A% R 2 F R T FBS BikiR 2GR, S0 4.8 il
4.9), {HI[AFFEHEK, 33*33 1) FBS+DP &HiLFENS 125, b AW+DP 99s #1t | 9 f5 i 45,
DLIC AR L AW+DP SR 3h .

45 FEREE(SGM)EZE
451 & kEEH*

FIAK FW, AW, FBS FIEEILEARM R G T2 )G, AU ZIEE WTA(Winner Takes
ANFLEAR RN R AAEE, R BB R R B AR 3R 28 18 ()~
MLV, DR S 8 DC e B30 = A AR A 22 IS 22 AN P s T 4 Jm) DG R R0 U ~ 10 1 24 o
E BB H A Y

JR BB UG HC S8 B 8 WTA B0k, mrDUE A a0 R AR R
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D(i, j) =arg min Cost(i, j,d)(mind < d < maxd) (4-17)
Heb D) ERG) GRS ZEME, Cost(i,j,d)A(,)) S A(,j-d) SR ITEACA T, XA
WA LA, &MERR3))LZEE DGLj) 5 HAR S TE R, PR iRk T oh—

MR IFFATT B SLI B 8. 4w DL SR B R A -
E(d) =B (d)+2E__ (d) (4-18)
Horp d R Z R, 4 RSLARILEC SRR 4 amW4%¢ﬁmd PR B B A L 22 R

Ko Horh By (d) Zon BT B3R S B UL EA -
E..(d)= ZCost(i, j,dd, ))) (4-19)
L]
E_ (o) ZRHTH AR AT, 35 N8 4 AR IRE, TR A
E_(d) =ZSmo(d (i, j)—d(, j+1)+Smo(d(i, j)—d(i, j +1))
i

—’FSmo(d @i, J))—d(, j+1))+Smo(d(i, j)—d(i, j +1))
Ferh Smo JANIR] TR T B AL

(4-20)

452 ¥hREEE

T4 JRULEL R, e B B3 E(d) P A8 & d 7] LLBE—AS wrh(w A1 h Sy & F 1 56 A )
e m &, AT 100%100 FI/NE R TS, d BI4ERE )Y 100%100=10000, # K H 5545177 K,
MIF (maxd-mind)10%0 Fay g, K AL St #e /M Bk (U 4ELIE K ELR) N m B & T
e S0k FE AR 545 VA AR KK .

fEARILEEVET, AP RS R EES G —ME % R

E_.@) =ZSm0(d (i, )-d(@-i,j—1j)) (4-21)
L]

Fodr (j,,0,) DT (L0 8 E A RARR: (0,1)vE LA T E#: (1,00 8E A\
FERHE, (0,-1) N E T RS AR FPPIE A R HON -
0 [x=0
Smo(x) =4 P1 |x|=1 (4-22)
P2 |x[>2
D4 Jrg R AT DL 2 (R 3 F BEAT B A LRI A5 2 SR AL
E(i, j,d)=Cost(i, j,d)+min(A, B,C)
A=E(i—ir,j—],,d)
B=min(E(i—ir, j—j,,d-1),E(i—ir, j— j,,d +1)) +P1
C=min(E(i—ir, j—j,,d =k),E(i—ir, j—],,d+k))+P2 (k>1)
H P2) P1, LA EIUA LM y:
C=min(E(@i—ir, j—j,,k))+P2 (mind <k < maxd) (4-24)

Mg % 1 C At —DANE d 8 I ANE k AERAES O P 0 d {85, AR
— K
AR /INTT P s =N TE 40 ZE (B A UL ECAC AT

(4-23)

48



VO SA AR Bl i 3 JURPSEAR DL FE S SR B

Cost(i, j,d)= > [Ic(i,J)—1.(, j—d) (4-25)
cefr,g,b}
SPARAIEE =~ AR N BN AT AN ERTT R TI, SeRe s R an & 4.14 iy
7~ (P1=10,P2=40):

] Single Scanline - B x| Single Scanline -

R g

T

|
AT L

| l:.| | [

L vy 5 1
b v il . |
il iima |

oy

414 FHRAEAES AT ¥ AT EFCEANEHEHFRLER #EF 115ms

453 ZaRM&(F42 A SGM)H X

M 414 SEBGAERTTUE H, SRR SEERE 410 3h & RIS LS T2,
PIHEL T BB E “44807, N TYUX—0 8, H. Hirschmuller[38] T 2005 4E#2 tH —Fb
a4 Jay B SLARDU B B0, 1 B2 A% O ARl A 4N 7 [ 2R 47 F1 46 (4 31 16 1),
BUIX JLAN 5 1) e & R 5 R /N d A, B

D(i, j) =arg min Y E,(i, j,d) (4-26)

b E(ij,d)Fm 8 S EAR R A7 7 LR R, B E A2 ER%
AWK, v, R
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E(i, j,d) = Cost(i, j,d)+min(A, B,C)—min(E(i —ir, j— j,,k)) (mind <k < maxd)
A=E(i—ir, j—j,.d)
B =min(E(i—ir, j—j,,d-1),E(—ir, j— j,,d +1))+P1
C=min(E(i—ir, j—j,,k))+P2 (mind < k < maxd)
ANTAEA 4.5.2 NS R, HH 8 Mrm(E—~. £ A RN, AL
Ne WL RN AN A ES), AARR PLA P2 ZH0N SGM BT A,
MAZE R 4.15 Fros:

(4-27)

| SGM P1=8 P2=32

ol

B 4.15 SGM E3EMRER Z£F P1=P2=0 HE P1=8 P2=32 K} 692ms

MEHETLUE H, 2 P1=P2=0 i}, “FIEZHN 0, SGM HIXKIBI A R EE(E H A
1*1), A3 4022 B3R F RS () AL e BR IR » 11 24N TP 293 P1=8 P2=32 I}, SGM
SRRAR B A0 22 B U O B (4 ) T

BeAh, BT RAT 8 N7 BT, SGM ik v il 1 B £ VT RC S O 2 8O,
FERS TS R 2 B 2R SR 1) 8 5(8 A7 M R B4 i 5), S 4 TR A 8 A7 )
PR T AP REOK E  RERE A SEBR i B BRIEAS 2R, T DR 4 AN,
B ORAFPIAT B ED AT

454 SGM+FW H ik

ANFTXT SGM+FW - BE AT MK, BPAE A A e & O (FW) SBVE A UL R AR, B
Cost(i, j,d) =SAD(, j,d) , FHHH SAD RHE LN (4-1):

T FW B30T LUE IS Box-Filtering By I, (15 SGM HiE A SGM+FW LI [A]
THREFEAAH R, RHAFE ) SAD & K SGM Sy 526 45 B anlK 4.16 Fiw:
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JURPSEAR DL FE S SR B

8] SGM + FW 1*1

1*1 FW+SGM #Bt 639 ms

SGM + FW 5*5

1

= SGM + FW 9%9 - o IEl

5*5 FW + SGM #Rt 608 ms

SGM + FW 13*13 = E'

9*9 FW+SGM $EB+ 639 ms

13*13 FW + SGM #EB7} 608 ms

4.16 AEIE O FW+SGM EEstibsER

2 SAD % 1y 1*1 I, SRR HAERAN I SGM Fik, MK LA, B
% SAD & HRIHIR, PR RN, SURE 2 RIS AE B (R ST e BT AR S 4

i)

455 SGM+AW H %

A/NTXT SGM+AW B3 dE AT 0K, BPAE A B od B AUE 57 (AW) 5B A UL RS AR AT
Cost(i, j,d)=E(p, ) p NZHERGHIMEERSAG,]), P, NEFREGHIMEE LG, j-d):

E(p, ﬁd):

D e o, WP, OW(P,, 6,)es ()

> e qyen, WP (P, )

(4-28)

AP ENRBIECER 4.3.177, RHAAFEEGE DR AW+SGM EiL s B an T
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21*21 AW+SGM $EBT 41449 ms 31*31 AW + SGM #ERF 83039 ms
4.17 FEIE O AW+SGM B SELig4ER

5 FW+SGM & y:—FE, 1*1 % 1) AW+SGM & B N AN Z AR 1 SGM &,
BEE AW & DRk, MEEENTE. BEEN, 5 FW BEARFRRZ, YIERa g
SR TG, (HRERIRVEFEE K 31%31 & 11 AW+SGM B8 1*%1 & DA AT 100 £%
FERT

455 —#iE Xy SGM H ik

SGM HiE %0 JBAR it 2 AN 5007 [l 434 45 SR AR 42 =) R B e AME, AT ER
R SGM 325, IEARVEFH SGM Bk 1 2 K BE T . BRI T

(U B E—FhICEARM R E(FW. AW 28)3HE IR AT Cost(i,j,d)

()% n N TR Ex(ij,d)

(3)4 Cost(i,j,d) = v Ex(i,j,d)/n

(4)F BEEAKE EFRWEE(5), BNGSEMA, #(2)

(53R A WTA BR324 D(i,j) = arg min Cost(i,j,d)

AN R FH FRAR Z AN (R T L] 22 (B A R UL AR, BN [E B T k4T SE58,
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S 7E BN 4.18 TR

10 Xk SGM #ERT 5651 ms 100 X SGM #ERT 61558 ms
4.18 FEERXHE SCGM HES R

T=1 W}, AHEZIBM N SGM &y, 2 T=5 i, M2 KT SGM Hikmm =K,
FANEARECN 5+ 10+ 100 MIRCRZE 7 A K (AN RE /e B0 A X 4R), BB SRR 5 IR
HULFERME T TR AAN G ENILEACH, BRIRIE R BT, EE
VIR IAGAE BAG 2] 1R B, AnRESE ) B2 R0 B AN 51 () LR R R4

46 IEREMRLEAR
461 &% —EEKEI(LRC)

FIFH S AATUED 0 2c A — SR L O A 22 BT 20 — SO 36, R IR RS & FH i
Bt LRC I N: LUAME NS EEIE, HOENHEGARE B G E ST E
E D, (), HUAEGASHEER, LGN E BT EAS2A BB R 5§ ZEE D(j)
PR AR 2 —F(D, ()= Dy (i—D()))» Ml — SR (M EEE R, &
Wi Pz R (LB TERR)

AN 77 B FW B, SR A G ER I S5 R 4.19 Frk:

53



VU IR 2 AR MY 18 3L JUFh STAR DCC B i S22
] FW 7*7 LRC = =

B 419 BT GEE) FW 77(EE)

MEIFRRTEAE Y, VR A7 AL I A2 1) 3 7 (G2 54k e 22 ) B e — S8 e UL R it 2 4 — 5
PEAS 38 O T B RUE (R BB RK) .

46.2 "E—EAR

FEME—VEZ AR B , BiREX T2 HEGERE i EE, BR ENE - MEAE
I B & e 2 (R AETESIN A VL) R e 5 — & B — MR R UL . 8% AR ILRC S
IR B e 225 R Ve —VEBGR,  (EIFASBEORIE B AR R e — 1k, DRI — PR A g 3=
2 a A& LR - RS AEZ NS EB EN R 52N, RG2S EE
B AL i o [FINERT H AR R B 2E— o ULRE, R

L, -D(,)=i,—-Di,=---=i. —D(i,) = ] (4-29)

FE 7 P I 5 O j DLECA SR/ N s Z T AL AR ON i AL AE, R i NS
j HIIRVLEC i o A/ NHIFER 4.19 JoAy — EUEAR IR A0 LAt 2 _EdEAT ME—VEAR G, Z52R 1A 4.20
Bt

4.6.3 iR AR IE
TESEBRIG LA, I8 e A — SO A 50 A0 A — PR AR 36 AN B 58 A i R C VT FC R &
Mo JEHEHOLT, RIUEC G 2R RN W2 (E AR AL BRI AR 26 e 2 RS 1 322 e 3 T AR LL
/N, AT DA gt 3 A0 22 P e A TR AR /N A 3 23 4R DT I R
AR B R R AT IS IR T A e, BERAR R
WA BER R | KIARZE label[i[DIRIFE(=-1), #2ETHEER labelc=0
QEBFIFIEBER I, & | CEERE p, p=labelli], WHAHWHRE p KHEREE N
BIfH minarea (area[p]<minarea), #F/NF, M4 i ALK A F i KERE, HITEQ)
Q)VIHHEL T ABAR S count=0, #HBE & i BNBAF] queue H.
(HMBAFHE R S j, count++, FRid j AFRZE labelc(label[j]=labelc)
Gt j FFHIBEERF, BEHREE. M j SREEHEEAET diff BEE BB
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% queue =

(6)Mn R queue A, NEIELER, BNFE®)
A/NFI{EF diff=1, minarea=200 Xt 4.6.2 1532 140 22 BT 7 @ I B 98, il it i g
15 2= &l 4.20 Fros:

n| FW 7#7 LRC + unique - B n.] Filtered diff=1 minarea=200 = =

B 4.20 ME—HKE () ERBREDIE®)

464 TREHZEANE

K073 SEARDUEC S5 2 L 22 (B 488 B B R AE,  HH e B 8 5 3 1 ) kR T
iR A EEPUR(AE T, N T HEm I BRI R . P (R R R BT FE), fem=
PrEEMFER, @WK MEIE N SR EEN G EREEE, EARSCR Y
BANE L2 A 1) T7 ERBOAR FKE 2 AR 224

rvcid i th AR TR F A, §) FITTEAHT Cost(i, j,d) JUME R B ZAE D N4 ITH
ARAN AT 5 /MBS B 1) d R, BRI

D =min arg Cost(i, j,d) (4-30)

Ll D HZE s, Cost(i, j,d) 7E D-1,D,D+1 = AMMEH C(-1),C(0),C(L), it i#L: i

4 D-1,D,D+1 = s MIUCECARYME, Wik 4.21 Fios:

C(-1)
c()

C(0) I,

-1 0 1
& 4.21 LSRN ENRH
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Y AT N y:ax2+bx+c,m¢@z£z;r_x:—%mw%wwa, A 7R

asl+be(-1)+c=C(-1)

a«0+b0+c=C(0)

asl+bel+c=C(1) (4-31)
b

2a

K EIRTTRRA, 152K IMZINE FIWAR ZAE AL ZE A
3 C(-)-CQ)
d=x+D=

2C(-D)-4C(0)+2CQ)

(4-32)
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5 =#E#E
5.1 FRENZ=#45

5 = B SLAERIE T, BREE LT AT R U A SR U 445 1 A
5 1E A A TAT AR U B AR L PR

A P F 3
A
Z
£ . : L=
;% § . i
S i S
L e v~ | v,
O, , Or
rI'l

[ 5.1 FTREGN/LAREE

SPATSAZAUSE R 1) 7 B LT s = B ] 5.1 fos,  PAZE S8 UG AL bs 2 9 5 2% Ak
g, BEMU=MERER, SRR —-mP(X)Y,Z) GUHKA:

7_ fT :II
x—-X d
X T
X:I— 5'1
g (5-1)
v UT
d

Forfd g P A A B RO AR 36 A W2 Gt ST AT ), X, =U—Uy, Y, =V—V,,
(UV) A9 P AL ISR, (U, Vo) AZESHIRHLOG O HO AR, S HOH i it T MR
b BRI

5.2 OpenGL B=E

AR Qt+OpenGL £l i, HEARSREan T

X T 2B P g — MR A, I SRR TS B i AR E (EA B(ARER
P IE R MR R ), WHET(2). (3)HR1E,

(2)if i OpenGL 2 1 £ i (0 ¥ B 915 25 i 76 22 B rh i 6

@)iHEH i SRR T A SRR = 4R AREREL(X, Y, Z), 3FEiT OpenGL 2% 5 (B A
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VIR BEfE B) .
KH Bk R H S = B E R o, $EEEmRerEE, PAERE, XM
DP+AW AR T B 3 11 = 4k 5 g 45 SR A& 5.2 s

ERGHIREAE

| File Single Binocular Polar Correction Stereo Match 3d reconstruction

camera.dre - O R

|
| + B = -~ + 4 N S
|
|

52 ZHERSTERE
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U1K ARl i JURH ST AR IR B 1 92
SO

A EON R H SEARML S = 4 2 G P AR 8 FISLARULEC AT TR FE, SEIl 7 &2 3L A
RKE Moravec. Harris. Nobel. Shi-Tomasi 5y, LA 3SR A — vk #h 40L& 7 v A3
TR AR AR AR =M. S TERWEERE D FW B, JHRH
Box-filtering ik LI 1 H & MAUE AW F% DL L PR XA S STARILRC FBS ik, 5L
BT S MK DP SAARUCHL SR, ¥ AW AT FBS SLiL1E A DP Sk IC AN & 5k
R AVEATIN SRI T AR 2 HEMARE, LI T SGM+FW LK SGM+AW ik

ASCHEH —FEAR ) SGM B3k, 1Z5HIEAE tsukuba MR A ERBLR 47, HAS TRl #E
HAKZ(h SGM FLILI 2-5 AL HI [H]) .

RGN, HTREA R, ARSCAEAERE LT A R DA R — S8 e A5 ek (1) b 7 -

(L)% %A AR VLB R MR T AN A%, FEASKE TR, % EAEA Middlebury
WAt b fAE FRT IS B () % PR BB — AT, IR 3 E(HERIEE . IRILECERSE) K
FEPF o

(2) AR H B SGM BELEVLECAR FI-FIg A BN _H I odk i 23 1| .

QA& = S ERI =g o R, S B EHL s, EEE s
TR, R BB, SR REUSIR. EXRERIET S Mg, HE T
BRI SRS DA DRI A 7] 7L
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YEETE IR BSR4
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;W

EERAEX B FA S TR, ROMIRFRRZIM, 9%, [, WiA1Rs 0
MR SRR BhAE ek EAT N AR TE R ARG

FERMY E22 i, A ERONEZIM “BORITIR” IRAGZEAE, 20NN F AR ERIR
R 7, AEEZIMAERE £, A TR LR £ 22T R BA 1A IR A Dy — 44 h [
ARRAE N A P LG A AN SR, AR 1 RSB Sty o
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JRL:

A Flexible New Technique for Camera Calibration
Abstract

We propose a flexible new technique to easily calibrate a camera. It is well suited for use without specialized
knowledge of 3D geometry or computer vision. The technique only requires the camera to observe a planar pattern
shown at a few (at least two) different orientations. Either the camera or the planar pattern can be freely moved. The
motion need not be known. Radial lens distortion is modeled. The proposed procedure consists of a closed-form
solution, followed by a nonlinear refinement based on the maximum likelihood criterion. Both computer simulation
and real data have been used to test the proposed technique, and very good results have been obtained. Compared
with classical techniques which use expensive equipment such as two or three orthog- onal planes, the proposed
technique is easy to use and flexible. It advances 3D computer vision one step from laboratory environments to real
world use.

Index Terms— Camera calibration, calibration from planes, 2D pattern, absolute conic, projective
mapping, lens distortion, closed-form solution, maximum likelihood estimation, flexible setup.

1 Motivations

Camera calibration is a necessary step in 3D computer vision in order to extract metric information
from 2D images. Much work has been done, starting in the photogrammetry community (see [2,4] to cite
a few), and more recently in computer vision ([9, 8, 23, 7, 26, 24, 17, 6] to cite a few).We can classify
those techniques roughly into two categories: photogrammetric calibration and self-calibration.

Photogrammetric calibration. Camera calibration is performed by observing a calibration object whose
geometry in 3-D space is known with very good precision. Calibration can be done very efficiently [5].
The calibration object usually consists of two or three planes orthogonal to each other. Sometimes, a
plane undergoing a precisely known translation is also used [23]. These approaches require an expensive
calibration apparatus, and an elaborate setup.

Self-calibration. Techniques in this category do not use any calibration object. Just by moving a camera
in a static scene, the rigidity of the scene provides in general two constraints [17, 15] on the cameras’
internal parameters from one camera displacement by using image informa-tion alone. Therefore, if
images are taken by the same camera with fixed internal parameters, correspondences between three
images are sufficient to recover both the internal and external parameters which allow us to reconstruct
3-D structure up to a similarity [16, 13]. While this ap- proach is very flexible, it is not yet mature [1].
Because there are many parameters to estimate, we cannot always obtain reliable results.

Other techniques exist: vanishing points for orthogonal directions [3, 14], and calibration from pure
rotation [11, 21].

Our current research is focused on a desktop vision system (DVS) since the potential for using DVSs
is large. Cameras are becoming cheap and ubiquitous. A DVS aims at the general public, who are not
experts in computer vision. A typical computer user will perform vision tasks only from time to time, so
will not be willing to invest money for expensive equipment. Therefore, flexibility, robustness and low
cost are important. The camera calibration technique described in this paper was developed with these
considerations in mind.

The proposed technique only requires the camera to observe a planar pattern shown at a few (at least
two) different orientations. The pattern can be printed on a laser printer and attached to a “reasonable”
planar surface (e.g., a hard book cover). Either the camera or the planar pattern can be moved by hand.
The motion need not be known. The proposed approach lies between the photogrammetric calibration and
self-calibration, because we use 2D metric information rather than 3D or purely implicit one. Both
computer simulation and real data have been used to test the proposed technique, and very good results
have been obtained. Compared with classical techniques, the proposed technique is considerably more
flexible. Compared with self-calibration, it gains considerable degree of robustness. We believe the new
technique advances 3D computer vision one step from laboratory environments to the real world.

Note that Bill Triggs [22] recently developed a self-calibration technique from at least 5 views of a
planar scene. His technique is more flexible than ours, but has difficulty to initialize. Liebowitz and

79



VU1K 2 AR A8 JURPSEAR DL FE S SR B

Zisserman [14] described a technique of metric rectification for perspective images of planes using metric
information such as a known angle, two equal though unknown angles, and a known length ratio. They
also mentioned that calibration of the internal camera parameters is possible provided at least three such
rectified planes, although no experimental results were shown.

The paper is organized as follows. Section 2 describes the basic constraints from observing a single
plane. Section 3 describes the calibration procedure. We start with a closed-form solution, followed by
nonlinear optimization. Radial lens distortion is also modeled. Section 4 studies configurations in which
the proposed calibration technique fails. It is very easy to avoid such situations in practice. Section 5
provides the experimental results. Both computer simulation and real data are used to validate the
proposed technique. In the Appendix, we provides a number of details, including the techniques for
estimating the homography between the model plane and its image.

2 Basic Equations

We examine the constraints on the camera’s intrinsic parameters provided by observing a single
plane. We start with the notation used in this paper.
2.1 Notation

A 2D point is denoted by m =[u V]T.A3D point is denoted by M =[X Y Z]T.WeuseX to
denote the augmented vector by adding 1 as the last element: rﬁ:[u v 1]T and

M :[X Y Z l]T .. A camera is modeled by the usual pinhole: the relationship between a 3D point
M and its image projection m is given by

sm=A[R t]M (1)
where s is an arbitrary scale factor, (R; t), called the extrinsic parameters, is the rotation and translation

which relates the world coordinate system to the camera coordinate system, and A, called the camera
intrinsic matrix, is given by

a y U
A=10 p v,
0 0 1

with (uo,vo) the coordinates of the principal point, o and £ the scale factors in image u and v axes,
and y the parameter describing the skewness of the two image axes.

We use the abbreviation A" for (A")™ or (A™)".

2.2 Homography between the model plane and its image
Without loss of generality, we assume the model plane is on Z = 0 of the world coordinate system.
Let’s denote the ith column of the rotation matrix R by ri. From (1), we have

X
siv|=A[rL 1, 1, t];
1
1
X
=A[r, r, t]|Y
1

By abuse of notation, we still use M to denote a point on the model plane, but M =[X Y]T since Z is

always equal to 0. Inturn M = [X Y 1]T . Therefore, a model point M and its image m is related by a
homography H:
si=HM with H=A[r 1, t] )
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As is clear,the 3x3 matrix H is defined up to a scale factor.

2.3 Constraints on the intrinsic parameters
Given an image of the model plane, an homography can be estimated (see Appendix A). Let’s denote

it by H =[h1 h2 h3]. From (2), we have
[ h, Rh]=1A[r ]
where A is an arbitrary scalar. Using the knowledge that r1and r2 are orthonormal, we have
hy ATA™h, =0 3)
h'ATA™h =h]ATA™h, 4)
These are the two basic constraints on the intrinsic parameters, given one homography. Because a
homography has 8 degrees of freedom and there are 6 extrinsic parameters (3 for rotation and 3 for

translation), we can only obtain 2 constraints on the intrinsic parameters. Note that A" A actually
describes the image of the absolute conic [16]. In the next subsection, we will give an geometric
interpretation.
2.4 Geometric Interpretation

We are now relating (3) and (4) to the absolute conic.lt is not difficult to verify that the model plane,
under our convention, is described in the camera coordinate system by the following equation:

X

r T
[ST} Y{_g
nt| |z

w
where w=0 for points at infinity and w=1 otherwise. This plane intersects the plane at infinity at a line,

r, r
and we can easily see tha{(ﬂ and Lﬂ are two particular points on that line. Any point on it is a linear

combination of these two points, i.e.:

X —a I b r, _ ar, +br,
0 0 0

Now, let’s compute the intersection of the above line with the absolute conic. By definition, the point X _,
known as the circular point, satisfies: X_x, =0 i.e.:
(ar,+br,)" (ar, +br,) =0 or a*+b*=0

The solution is b =+ai, wherei? = —1. That is, the two intersection points are

X :a{rliirz}
0

Their projection in the image plane is then given, up to a scale factor, by
m, = A(rl iirz) = (hl iihz)

Point M is on the image of the absolute conic, described by ATA™? [16]. This gives
(h, =£ih2)" ATA™(h, +ih,) =0
Requiring that both real and imaginary parts be zero yields (3) and (4).

3 Solving Camera Calibration

This section provides the details how to effectively solve the camera calibration problem. We start
with an analytical solution, followed by a nonlinear optimization technique based on the maximum
likelihood criterion. Finally, we take into account lens distortion, giving both analytical and nonlinear
solutions.
3.1 Closed-form solution
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B - A_T A_l BlZ BZZ BZS
BIS BZB B33
i 7 Vo —Upf8
a? a’p a’p ®)
| 7 o1 7oy =) Vo
aZﬂ aZﬂZ IBZ a ﬂ ﬂZ
—Uf 7 (Voy —Up5) Vo (V07 uoﬁ)
2 2 02 2 2 +1
| a’p a’p B a’f ﬂ ]
Note that B is symmetric, defined by a 6D vector
b= [Bn B12 Bzz B13 le Bss ]T (6)
Let thei” column vector of Hbe h =[h, h, h,] Then, we have
h'Bh; =vib @)
with
Vlj = [hilhjl hlthZ + h hjl h|2h12 hi3r‘|jl-|-lali1|’]j3 h h +h hj3 hl3hj3

Therefore, the two fundamental constraints (3) and (4), from a given homography, can be rewritten as 2
homogeneous equations in b:

VT
{12 T}bzo (8)
(Vll_ sz)
If n images of the model plane are observed, by stacking n such equations as (8) we have
Vb=0 €)]

where V is a 2n X6 matrix. If n > 3, we will have in general a unique solution b defined up to a scale
factor. If n = 2, we can impose the skewless constraint ¥ = 0, i.e., [0, 1, 0, 0, 0, 0]b = 0, which is added as
an additional equation to (9). (If n = 1, we can only solve two camera intrinsic parameters, e.g., « and
[, assuming uo and voare known (e.g., at the image center) and » = 0, and that is indeed what we did in
[19] for head pose determination based on the fact that eyes and mouth are reasonably coplanar.) The
solution to (9) is well known as the eigenvector of V'V associated with the smallest eigenvalue
(equivalently, the right singular vector of V associated with the smallest singular value). Once b is

estimated, we can compute all camera intrinsic matrix A. See Appendix B for the details. Once A is
known, the extrinsic parameters for each image is readily computed. From (2), we have

L=AA"h
r,=AA"h,
I, =10XT,
t=AA"h,

with A=1/ HA’lhluzll HA’thH Of course, because of noise in data, the so-computed matrix

R :[rl,rz, r3] does not in general satisfy the properties of a rotation matrix. Appendix C describes a
method to estimate the best rotation matrix from a general 3 X 3 matrix.

3.2 Maximum likelihood estimation
The above solution is obtained through minimizing an algebraic distance which is not physically
meaningful. We can refine it through maximum likelihood inference.
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We are given n images of a model plane and there are m points on the model plane. Assume that the
image points are corrupted by independent and identically distributed noise. The maximum likelihood
estimate can be obtained by minimizing the following functional:

n m 2
22 |m; —m(A Rt M) (10)
i=1 j=1
where M(AR,,t,M j)is the projection of point Mj in image i, according to equation (2). A rotation R is
parameterized by a vector of 3 parameters, denoted by r, which is parallel to the rotation axis and whose

magnitude is equal to the rotation angle. R and r are related by the Rodrigues formula [5]. Minimizing
(10) is a nonlinear minimization problem, which is solved with the Levenberg-Marquardt Algorithm as

implemented in Minpack [18]. It requires an initial guess of A, {Ri,ti i :1..n} which can be obtained
using the technique described in the previous subsection.

3.3 Dealing with radial distortion

Up to now, we have not considered lens distortion of a camera. However, a desktop camera usually
exhibits significant lens distortion, especially radial distortion. In this section, we only consider the first
two terms of radial distortion. The reader is referred to [20, 2, 4, 26] for more elaborated models. Based
on the reports in the literature [2, 23, 25], it is likely that the distortion function is totally dominated by
the radial components, and especially dominated by the first term. It has also been found that any more
elaborated modeling not only would not help (negligible when compared with sensor quantization), but
also would cause numerical instability [23, 25].

Let (u,v) be the ideal (nonobservable distortion-free) pixel image coordinates, and (U,V) the
corresponding real observed image coordinates. The ideal points are the projection of the model points
according to the pinhole model. Similarly, (X,y) and (X, §) are the ideal (distortion-free) and real

(distorted) normalized image coordinates. We have [2, 25]
X =X+ x[kl(x2 +y2) +k, (X2 + y2)2]

y=y+y[ kO +y?) +k (X +y?) ]
where k1 and k2 are the coefficients of the radial distortion. The center of the radial distortion is the same
as the principal point. FromU =u, +ax+yy andV=V,+ Y andassuming y= 0, we have

0 = U+ (U=Up)[k, (X + y*) +k, (X* +y*)°] (11)

¥ =V+(V=Vy)[K (X* + y?) +Kk, (x> + y*)?] (12)
Estimating Radial Distortion by Alternation. As the radial distortion is expected to be small, one
would expect to estimate the other five intrinsic parameters, using the technique described in Sect. 3.2,
reasonable well by simply ignoring distortion. One strategy is then to estimate ki and k2 after having

estimated the other parameters, which will give us the ideal pixel coordinates (u, v). Then, from (11) and
(12), we have two equations for each point in each image:
(U_uo)(X2 + yz) (U—UO)(X2 + y2)2 k1 i u-u
V=) +Y*)  (v=vo)(x*+y7)* Lk, | [TV
Given m points in n images, we can stack all equations together to obtain in total 2mn equations, or in
matrix formas Dk =d, where k =[k, k, ]T . The linear least-squares solution is given by
k=(D'D)'D'd (13)
Once ki1 and k2 are estimated, one can refine the estimate of the other parameters by solving (10) with
m(A R, t,M J-) replaced by (11) and (12). We can alternate these two procedures until convergence.

Complete Maximum Likelihood Estimation. Experimentally, we found the convergence of the above
alternation technique is slow. A natural extension to (10) is then to estimate the complete set of
parameters by minimizing the following functional:
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ii”mu ~m(A kLk,,R,t,M j)Hz ”

i-1 j-1
where M(A,kLk,,R,,t;,M;) is the projection of point Mjin image i according to equation (2), followed

by distortion according to (11) and (12). This is a nonlinear minimization problem, which is solved with
the Levenberg-Marquardt Algorithm as implemented in Minpack [18]. A rotation is again parameterized

by a 3-vector r, as in Sect. 3.2. An initial guess of A and {Ri,ti |i=1..n} can be obtained using the

technique described in Sect. 3.1 or in Sect. 3.2. An initial guess of ki and k2 can be obtained with the
technique described in the last paragraph, or simply by setting them to 0.
3.4 Summary
The recommended calibration procedure is as follows:
1. Print a pattern and attach it to a planar surface;
2. Take a few images of the model plane under different orientations by moving either the plane or the
camera;
3. Detect the feature points in the images;
4. Estimate the five intrinsic parameters and all the extrinsic parameters using the closed-form solution
as described in Sect. 3.1;
5. Estimate the coefficients of the radial distortion by solving the linear least-squares (13);
6. Refine all parameters by minimizing (14).
4 Degenerate Configurations
We study in this section configurations in which additional images do not provide more constraints
on the camera intrinsic parameters. Because (3) and (4) are derived from the properties of the rotation
matrix, if R2is not independent of Rz, then image 2 does not provide additional constraints. In particular,
if a plane undergoes a pure translation, then R2= Ri1and image 2 is not helpful for camera calibration. In
the following, we consider a more complex configuration.
Proposition 1. If the model plane at the second position is parallel to its first position, then the second
homography does not provide additional constraints.

Proof. Under our convention, R2 and Rz are related by a rotation around z-axis. That is,

cosé -sind O
R/|sind cosd O0|=R,
0 0 1

where @ is the angle of the relative rotation. We will use superscript (1) and (2) to denote vectors related to
image 1 and 2, respectively. It is clear that we have

h® = 2@ (Ar® cos @+ Ar® sin ) = Ol hl(l’ (cos@+h sin 9)

1@
h® = 2@ (—Ar®sin g+ Ar® cos ) = ) Z—h®P(=sin@+h{’ cos 9)
Then, the first constraint (3) from image 2 becomes

2)T A-T A-1(2) _ MT A —l ()
h A7 A7h” = (1) [(cos 0—sin*@)(h"TATAThY)
—cos@sin (hPTAT AT —hPTATAThO)],

which is a linear combination of the two constraints provided by Hi. Similarly, we can show that the
second constraint from image 2 is also a linear combination of the two constraints provided by Ha.
Therefore, we do not gain any constraint from Hz.

The result is self-evident because parallel planes intersect with the plane at infinity at the same
ircular points, and thus according to Sect. 2.4 they provide the same constraints.

In practice, it is very easy to avoid the degenerate configuration: we only need to change the
orientation of the model plane from one snapshot to another.
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Although the proposed technique will not work if the model plane undergoes pure translation,
camera calibration is still possible if the translation is known. Please refer to Appendix D.

5 Experimental Results

The proposed algorithm has been tested on both computer simulated data and real data. The
closedform solution involves finding a singular value decomposition of a small 2n X" 6 matrix, where n
is the number of images. The nonlinear refinement within the Levenberg-Marquardt algorithm takes 3 to
5 iterations to converge.

5.1 Computer Simulations

The simulated camera has the following property: o = 1250, S = 900, y= 1.09083 (equivalent to
89.95-), uo= 255, vo= 255. The image resolution is 512 X 512. The model plane is a checker pattern
containing 10 X 14 = 140 corner points (so we usually have more data in the v direction than in the u
direction). The size of pattern is 18cm X25cm. The orientation of the plane is represented by a 3D vector

r, which is parallel to the rotation axis and whose magnitude is equal to the rotation angle. Its position is
represented by a 3D vector t (unit in centimeters).

Performance w.r.t. the noise level. In this experiment, we use three planes with I, = [20“,0, O]T ,
1 T

—[-9,-125500] , r,=[020,0] , t =[-9,-125510] , r.=——[-30",-30",~15
= I n=[0200] . t=] o=zl ]

t,=[-10.5,-12.5,525] . Gaussian noise with 0 mean and o standard deviation is added to the

projected image points. The estimated camera parameters are then compared with the ground truth. We
measure the relative error for and £, and absolute error for uoand vo. We vary the noise level from 0.1

pixels to 1.5 pixels. For each noise level, we perform 100 independent trials, and the results shown are the
average. As we can see from Fig. 1, errors increase linearly with the noise level. (The error for y is not

shown, but has the same property.) Foro = 0:5 (which is larger than the normal noise in practical
calibration), the errors in « and £ are less than 0.3%, and the errors in uoand voare around 1 pixel. The

error in uo is larger than that in vo. The main reason is that there are less data in the u direction than in the
v direction, as we said before.

Performance w.r.t. the number of planes. This experiment investigates the performance with respect to
the number of planes (more precisely, the number of images of the model plane). The orientation and
position of the model plane for the first three images are the same as in the last subsection. From the
fourth image, we first randomly choose a rotation axis in a uniform sphere, then apply a rotation angle of
30-. We vary the number of images from 2 to 16. For each number, 100 trials of independent plane
orientations (except for the first three) and independent noise with mean 0 and standard deviation 0.5
pixels are conducted. The average result is shown in Fig. 2. The errors decrease

when more images are used. From 2 to 3, the errors decrease significantly.

Performance w.r.t. the orientation of the model plane. This experiment examines the influence of the
orientation of the model plane with respect to the image plane. Three images are used. The orientation of
the plane is chosen as follows: the plane is initially parallel to the image plane; a rotation axis is randomly
chosen from a uniform sphere; the plane is then rotated around that axis with angle €. Gaussian noise
with mean 0 and standard deviation 0.5 pixels is added to the projected image points. We repeat this
process 100 times and compute the average errors. The angle @ varies from 5- to 75-, and the result is

shown in Fig. 3. When 8=5", 40% of the trials failed because the planes are almost parallel to each other
(degenerate configuration), and the result shown has excluded those trials. Best performance seems to be
achieved with an angle around 45 -. Note that in practice, when the angle increases, foreshortening makes
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the corner detection less precise, but this is not considered in this experiment.
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Figure 2: Errors vs. the number of images of the model plane
5.2 Real Data

The proposed technique is now routinely used in our vision group and also in the graphics group at
Microsoft Research. Here, we provide the result with one example.

The camera to be calibrated is an off-the-shelf PULNiX CCD camera with 6 mm lens. The image
resolution is 640 x480. The model plane contains a pattern of 8 X8 squares, so there are 256 corners. The
size of the pattern is 17cm X17cm. It was printed with a high-quality printer and put on a glass.

45 50
__ 40 45 L
£ 35 = L
336 S .
L 25 e
o 20 s
£ 15 e 25
2, 320}
£ s 215 .- .. .
0.0 < 10 1 L L 1 1 L L
O 10 20 30 40 50 60 70 BC 0 10 20 30 40 50 60 TO B0
Angle with the image plane (degrees) Angle with the image plane (degrees)
Figure 3: Errors vs. the angle of the model plane w.r.t. the image plane
Table 1: Results with real data of 2 through 5 images
nb 2 images 3 images 4 images 5 images
initial final o | imitial final o | imtial final a | imitial final a
o 825.59 83047 474 | 91765 83080 206 | 876.62 B831.81 1.56 | 877.16 83250 1.41
B 825.26 83024 485 | 92053 83060 210 | 87622 831.82 155 | 876.80 83253 138
y 0 0 0| 22056 0.1676 0.109 | 0.0658 02867 0.005 | 0.1752 02045 0.078
wp | 29579  307.03 137 | 277.00 30577  1.45| 30131 30453 086 | 301.04 30396 0.71
vo 217.69 20655 093 | 22336 20042  1.00 | 22006 20679 0T8 | 22041 20630  0.66
ky 0161  —0227 0006 | 0128 —0229 0006 | 0145 —-0229 0005 | 0136 -0228 0.003
ks | —1.955 0194 0032 | —1986 0196 0034 | —2.080 0.195 0,028 | —2.042 0.190 0.025
RMS [ 0.761 0.295 0.987 0.393 0.927 0.361 0.881 0.335
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Five images of the plane under different orientations were taken, as shown in Fig. 4. We can observe a
significant lens distortion in the images. The corners were detected as the intersection of straight lines
fitted to each square.

We applied our calibration algorithm to the first 2, 3, 4 and all 5 images. The results are shown in
Table 1. For each configuration, three columns are given. The first column (initial) is the estimation of the
closed-form solution. The second column (final) is the maximum likelihood estimation (MLE), and the
third column (o) is the estimated standard deviation, representing the uncertainty of the final result. As
is clear, the closed-form solution is reasonable, and the final estimates are very consistent with each other
whether we use 2, 3, 4 or 5 images. We also note that the uncertainty of the final estimate decreases with
the number of images. The last row of Table 1, indicated by RMS, displays the root of mean squared
distances, in pixels, between detected image points and projected ones. The MLE improves considerably
this measure.

The careful reader may remark the inconsistency for kiand k2 between the closed-form solution and
the MLE. The reason is that for the closed-form solution, camera intrinsic parameters are estimated
assuming no distortion, and the predicted outer points lie closer to the image center than the detected ones.
The subsequent distortion estimation tries to spread the outer points and increase the scale in order to
reduce the distances, although the distortion shape (with positive ki, called pincushion distortion) does not
correspond to the real distortion (with negative ki, called barrel distortion). The nonlinear refinement
(MLE) finally recovers the correct distortion shape. The estimated distortion parameters allow us to
correct the distortion in the original images. Figure 5 displays the first two such distortion-corrected
images, which should be compared with the first two images shown in Figure 4. We see clearly that the
curved pattern in the original images is straightened.
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Figure 4: Five images of a model plane, together with the extracted comers (indicated by cross)
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Figure 5: First and second images after having corrected radial distortion

Table 2: Variation of the calibration results among all quadruples of images

quadruple | (1234) (1235) (1245) (1345) (2345) | mean deviation
o 831.81 83209 83753 820.69 833.14 | 83285 2,90
B8 831.82 83210 83753 82991 833.11 | 83290 2.84
g 0.2867 0.1069 00611 0.1363 0.1096 | 0.1401 0.086
g 30453 30432 30457 30395 30353 | 30418 0.44
g 206,79 20623 207.30 207.16 20633 | 206.76 0.48
ky -0.220 -0.228 -0230 -0227 -0.229 | -0.229 0.001
ko 0.195 0191 0193 0179  0.190 | 0.190 0.006
RMS 0361 0357 0262 0358 0334 | 0334 0.04

Variation of the calibration result. In Table 1, we have shown the calibration results with 2 through 5
images, and we have found that the results are very consistent with each other. In order to further
investigate the stability of the proposed algorithm, we have applied it to all combinations of 4 images
from the available 5 images. The results are shown in Table 2, where the third column (1235), for
example, displays the result with the quadruple of the first, second, third, and fifth image. The last two
columns display the mean and sample deviation of the five sets of results. The sample deviations for all
parameters are quite small, which implies that the proposed algorithm is quite stable. The value of the
skew parameter » is not significant from 0, since the coefficient of variation, 0.086/0.1401 = 0.6, is large.

Indeed, y = 0:1401 with « = 832:85 corresponds to 89.99 degrees, very close to 90 degrees, for the angle
between the two image axes. We have also computed the aspect ratio a/f for each quadruple. The

mean of the aspect ratio is equal to 0.99995 with sample deviation 0.00012. It is therefore very close to 1,
i.e., the pixels are square.

Application to image-based modeling. Two images of a tea tin (see Fig. 6) were taken by the same
camera as used above for calibration. Mainly two sides are visible. We manually picked 8 point matches
on each side, and the structure-from-motion software we developed ealier [27] was run on these 16 point
matches to build a partial model of the tea tin. The reconstructed model is in VRML, and three rendered
views are shown in Fig. 7. The reconstructed points on each side are indeed coplanar, and we computed
the angle between the two reconstructed planes which is 94.7 -. Although we do not have the ground truth,
but the two sides of the tea tin are indeed almost orthogonal to each other. All the real data and results are
available from the following Web page: http://research.microsoft.com/“zhang/Calib/
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Figure 7: Three rendered views of the reconstructed tea tin

5.3 Sensitivity with Respect to Model Imprecision

In the example described above, the 2D model pattern was printed on a paper with a high-quality
printer. Although it is significantly cheaper to make such a high-quality 2D pattern than the classical
calibration equipment, it is possible that there is some imprecision on the 2D model pattern if we print it
on a normal printer, or the pattern is not on a flat surface. This section investigates the sensitivity of the
proposed calibration technique with respect to model imprecision.

5.3.1 Random noise in the model points

We conducted this experiment on the same real data as in the last subsection. All five real images were
used. To simulate model imprecision, we added Gaussian noise with zero mean to the corners of each
square in the model. The standard deviation of the added noise varies from 1% to 15% of the side of each
square, which is equal to 1.27cm (more precisely, 0.5inches). 15% corresponds to a standard deviation of
2mm, and people may not want to use such a poor model. For each noise level, 100 trials were conducted,
and average errors (deviations from the results obtained with the true model as shown in Table 1) were
alculated, and are depicted in Fig. 8. Obviously, all errors increase with the level of noise added to the
model points. The pixel scale factors (« and £) remain very stable: the error is less than 0.02%. The

coordinates of the principal point are quite stable: the errors are about 20 pixels for the noise level 15%.
The estimated radial distortion coefficient ki becomes less useful, and the second term k2 (not shown) is
even less than k1. In our current formulation, we assume that the exact position of the points in the model
plane is known. If the model points are only known within certain precision, we can reformulate the
problem and we could expect smaller errors than reported here.

5.3.2 Systematic non-planarity of the model pattern

In this section, we consider systematic non-planarity of the model pattern, e.g., when a printed pattern is
attached to a soft book cover. We used the same configuration as in Sect. 5.1. The model planewas
istorted in two systematic ways to simulate the non-planarity: spherical and cylindrical. With spherical

distortion, points away from the center of the pattern are displaced in z according to z = p/X* +y? ,
where p indicates the non-planarity (the model points are coplanar when p = 0). The displacement is
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Figure 9: Sensitivity of camera calibration with respect to systematic spherical non-planarity

symmetric around the center. With Cylindrical distortion, points are displaced in z according to z = px.
Again, p indicates the non-planarity. This simulates bending of the model pattern around the vertical axis.

Four images of the mod

el pattern were used: the first is parallel to the image plane; the second is rotated

from the first around the horizontal axis by 30 degrees; the third is rotated from the first around the
vertical axis by 30 degrees; the fourth is rotated from the first around the diagonal axis by 30 degrees.

Although model points

are not coplanar, they were treated as coplanar, and the proposed calibration

technique was applied. Gaussian noise with standard deviation 0.5 pixels was added to the image points,
and 100 independent trials were conducted. The average calibration errors of the 100 trials are shown in
Fig. 9 for spherical non-planarity and in Fig. 10 for cylindrical non-planarity. The horizontal axis

indicates the increase in

the non-planarity, which is measured as the ratio of the maximum z displacement

to the size of the pattern. Therefore, 10% of non-planarity is equivalent to maximum 2.5cm of
displacement in z, which does not likely happen in practice. Several observations can be made:
- Systematic non-planarity of the model has more effect on the calibration precision than random
errors in the positions as described in the last subsection;
- Aspect ratio is very stable (0.4% of error for 10% of non-planarity);
- Systematic cylindrical non-planarity is worse than systematic spherical non-planarity, especially
for the coordinates of the principal point (uo; vo). The reason is that cylindrical nonplanarity is

only symmetric
simulation;

in one axis. That is also why the error in uo is much larger than in vo in our

- The result seems still usable in practice if there is only a few percents (say, less than 3%) of
systematic non-planarity.
The error in (uo; vo) has been found by many researchers to have little effect in 3D reconstruction. As

pointed out by Triggs in

[22], the absolute error in (uo; vo) is not geometrically meaningful. He proposes
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to measure the relative error with respect to the focal length, ie., Au,/a andAv,/f This is

equivalent to measuring the angle between the true optical axis and the estimated one. Then, for 10% of
cylindrical non-planarity (see Fig. 10), the relative error for uois 7.6%, comparable with those of « and

B.

6 Conclusion

In this paper, we have developed a flexible new technique to easily calibrate a camera. The technique
only requires the camera to observe a planar pattern from a few (at least two) different orientations. We
can move either the camera or the planar pattern. The motion does not need to be known. Radial lens
distortion is modeled. The proposed procedure consists of a closed-form solution, followed by a nonlinear
refinement based on maximum likelihood criterion. Both computer simulation and real data have been
used to test the proposed technique, and very good results have been obtained. Compared with classical
techniques which use expensive equipment such as two or three orthogonal planes, the proposed
technique gains considerable flexibility.
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A Estimation of the Homography Between the Model Plane and its Image

There are many ways to estimate the homography between the model plane and its image. Here, we
present a technique based on maximum likelihood criterion. Let Miand mibe the model and image points,
respectively. Ideally, they should satisfy (2). In practice, they don’t because of noise in the extracted
image points. Let’s assume that miis corrupted by Gaussian noise with mean 0 and covariance matrix
Am . Then, the maximum likelihood estimation of H is obtained

Z(mi _mi)T A;li(mi _mi)

hT
.- M. — .
where Mi == I;llT " withh, the i" row of H.
h, M;| h, M.
In practice, we simply assume Am=o?l for all i. This is reasonable if points are extracted

indepen-dently with the same procedure. In this case, the above problem becomes a nonlinear
least-squares one, i.e. min, > |m —m

Levenberg-Marquardt Algorithm as implemented in Minpack [18]. This requires an initial guess, which
can be obtained as follows.

T
Let Xx= [If h, h;} Then equation (2) can be rewritten as

MT 0 -—uMT’
. -0 |Xx=0
0O M -vw™M

When we are given n points, we have n above equations, which can be written in matrix equation as Lx =
0, where L isa 2n X 9 matrix. As x is defined up to a scale factor, the solution is well known to be the
right singular vector of L associated with the smallest singular value (or equivalently, the eigenvector of
L'L associated with the smallest eigenvalue).

In L, some elements are constant 1, some are in pixels, some are in world coordinates, and some are
multiplication of both. This makes L poorly conditioned numerically. Much better results can be obtained

? The nonlinear minimization is conducted with the
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by performing a simple data normalization, such as the one proposed in [12], prior to running the above
procedure.

B Extraction of the Intrinsic Parameters from Matrix B

Matrix B, as described in Sect. 3.1, is estimated up to a scale factor, i.e.,,B=AA T Awith 1 an
arbitrary scale. Without difficulty 7, we can uniquely extract the intrinsic parameters from matrix B.

v, = (Blz BlS — BllBZS)
(BnBzz - Blzz)
_ 8123 +Vo (Blz Bl3 — BllBZS)

A=B
33 Bn
i
a= /—
Bll
pe 2B,
BllBZZ - B122
-B,.a?
y= 12 ,B
A
0= _But”
B A

C Approximatinga 3 X 3 matrix by a Rotation Matrix

The problem considered in this section is to solve the best rotation matrix R to approximate a given 3
X 3 matrix Q. Here, “best” is in the sense of the smallest Frobenius norm of the difference R—Q. That is,
we are solving the following problem:

mRin||R—Q||'2: subject to R'TR=1 (15)
Since
|R-QJ; =trace((R-Q)" (R-Q)) _
=3+trace(Q'Q) —2trace(R'Q) ’
problem (15) is equivalent to the one of maximizing trace(R'Q).
Let the singular value decomposition of Q be USV' |, where S =diag(o;,o,, o) . If we define an
orthogonal matrix Zby Z =V'R'U | then
trace(R'Q) =trace(R'USV ") =trace(V 'RTUS)
=trace(ZS) = 23: 2,0, < i"i
i=1 i=1
It is clear that the maximum is achieved by setting R=UV " because then Z = 1. This gives the solution

to (15).
An excellent reference on matrix computations is the one by Golub and van Loan [10].

D Camera Calibration Under Known Pure Translation
As said in Sect. 4, if the model plane undergoes a pure translation, the technique proposed in this
paper will not work. However, camera calibration is possible if the translation is known like the setup in

Tsai’s technique [23]. From (2), we have t=aA™*h,, wherear =1/ HA‘lth . The translation between two

positions i and j is then given by
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t® =0 _t0 = A (gOh —a(j)hs(j))

(Note that although bothH® andH® are estimated up to their own scale factors, they can be rescaled up to
a single common scale factor using the fact that it is a pure translation.) If only the translation direction is
known, we get two constraints on A. If we know additionally the translation magnitude, then we have
another constraint on A. Full calibration is then possible from two planes.
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